Abstract. In this paper we discuss a new model to the problem of phase transformations. This model provides a modification of Maxwell's rate-type constitutive equation [I], by incorporating higher order straingradients in the relaxation function. Thermodynamical aspects and the compatibility with the unmodified Clausius-Duhem inequality are discussed. Numerical results show that the model is able to describe the creation and propagation of regular patterns of martensitic and austenitic stripes during stress-induced phase transitions in shape memory single crystals.
INTRODUCTION
Phase transitions in continuum bodies are a subject of intense studies in mechanics, mathematics and metallurgy. Recently, it was shown (see [I] and the references given there) that a Maxwell's rate-type viscoelastic constitutive equation, with a non-monotone equilibrium stress-strain relation can predict specific phenomena accompanying stress-induced phase transitions and plastic 9ow localization in metallic materials during uniaxial tension tests in a rigorous mathematical framework. On the other hand, gradient terms have been introduced repeatedly by physicists in phe~~omenological theories of phase transitions, in order to address various problems related to the instability and localization of deformation (see for instance [2, 3, 4] ).
By combining these two different approaches in a common constitutive structure, we have proposed [5] a new model to the problem of phase transitions in solid bars with microstructures. The present approach incorporates three types of mechanism which compete to the description of nonequilibrium phase transitions. These are the "softening mechanism" due to the non-monotonicity of the homogeneous equilibrium curve, the " viscous mechanism" which is responsible of the interface kinetics, as for the Maxwellian model, but also an internal length scale ("strain gradient effects").
In the first part of this paper we give a short survey on local and non-local phenomenological theories of phase transitions. We outline the advantages and disadvantages of these approaches both from mathematical and thermodynamical point of view. In this contex the new model is mles..~ibed and it is showed how the unmodified Clausius-Duhem inequality requires it to be a viscoplastic one.
In the last section we show by means of numerical examples how the presence of higher order strain gradients leads to the formation of an increasing number of interfaces into the specimen. These solutions of strain controlled initial-boundary value problems can be associated with layered structures as they appear in the process of nucleation and growth of martensitic zones insides austenitic phase.
PHASE TRANSITIONS AS FIELDS THEORIES
We consider in the following phenomenological theories of phase transitions as fields theories, i.e., they are described as solutions of initial-boundary value problems for the fields equations. All over this paper we discuss only the one-dimensional, isothermal case, as the essence of the arguments Article published online by EDP Sciences and available at http://dx.doi.org/10.1051/jp4:1996105 is best illustrated.
The particles of a one-dimensional body 23 are labelled by their position X E X (Lagangian coordinate ), where R is a finite or infinite interval on the real line, called the reference configuratiim. The uniform density of the body in the reference configuration is denoted by p>O. A one dimensional motion of the body B is a mapping x = x(X, t), X EX, t > 0, with the property that for any fixed t, x(.,t) is injective and bicontinuous with respect to X. The number x (Eulerian coordinate) is the position of the particle X at time t. x(.,t) is called the deformation (or, configuration) of the body t3 at time t. When x is smooth enough we denote by : ax ax o(X,t) = k = -( X , t ) and & ( X , t ) = -(X,t) -I > -1 , a t ax the particle velocity and strain, respectively. We also denote by the i-th deformation gradient, 2 ( i < r , r being a given positive integer and by the ( r -1)-tuple of the higher strain gradients.
For one dimensional bodies the equations of balance of momentum (in the absence of body forces) and mass can be written as follows:
where a = a ( X , t) is the nominal stress, i.e., the force per unit cross sectional area in the reference configuration.
The system (4) must be completed by a constitutive equation relating the stress and the strain 6.
Elastic approach
The classical phenomenological description of phase transitions was generally made by using the ~onst~itutive model of thermo-elastic fluid suggested by van der Waals in 1873. By analogy the phenomenon of phase transformations in solid bars was modeled by certain authors by means of a non-monotone elastic constitutive equation. For example, Ericksen [6] and James [7] studied static solutions which contain stationary phase boundaries, while James [8] investigated the corresponding dynamic elastic bar theory, looking for solutions containing propagating phase boundaries. Attempts to describe martensitic phase transitions and shape memory effects by means of a Landau-Devonshire polynomial model has been made by Falk [9] .
Thus, usually one supposes that the smooth stress-strain relation has the property that ah(&) > 0 on [0, E,) U ( E~, oo) and ah(&) < 0 on (E,, co) (Fig. la) .
The elastic model (5) is compatible with the Clausius-Duhem inequality, which in the context of isothermal processes takes the form ,YfiJ < ue, (6) where $ = $(X, t ) is the free energy function at (X, t) and the dot signifies the time derivative. It is known that for (5) there is a unique free energy function (modulo a constant), p?,bn(&) = & & cR(s)ds, compatible with the second law of thermodynamics (6). Since (5) is a non-monotone stress-strain relation then the t,hermodynamic potential GR(&) is a non-convex one. Relying on this fundamental property, many efforts have been done to describe the hysteresis loops which occur during phase ;ransformations (see for instance [9] ). But, this approach as a field theory has a major disadvantage.
The system (4f5) is of mixed type, hyperbolic-elliptic and the elastic problem is ill-posed in the sense that it may fail to have a solution in the phase transition interval (E,, E~) (see Suliciu [lo] ).
On the other hand, the elastic system is not able to describe how the stress may deviate from the equ~iibl,ium.
Rate-type viscoelastic approach
One way to circumvent all these inconveniences has been proposed by Suliciu [ll] (see also [1, 10, . The idea is to use a Maxwell's type viscoelastic model of the form where E = const. > 0 is dynamic Young's modulus, l / k = const. > 0 is a relaxation time, and an(&) is a non-monotone equilibrium stress-strain relation as in Fig. la .
In this case the system (4+7) is always hyperbolic irrespective of the slope of the equilibrium curvr a = an(&). Thus, the initial boundary value problems are theoretically well-posed. However, the system incorporates some physical instabilities due to the slope of the equilibrium curve (see [lo] ). The viscoelastic constitutive equation (7) generates a unique (modulo a constant) free energy function of strain and stress $J = $ ( E , a ) , compatible with the second law of thermodynamics (6), which is also non-convex when the equilibrium curve a = an(&) is non-monotone (see [10, 12, 13] and the references given there).
In a series of papers 11, 10-141, it was shown theoretically and numerically that this model may describe phenomenologically many aspects encountered in the transformation pseudoelasticity (shape memory alloys) such as the hysteretic behaviour in strain or stress controlled experiments, the nucleation and growth of one phase into another. Since the viscoelastic constitutive equation (7) can describe the way the states (E, a ) ( X , t) may deviate from the equilibrium states (E, UR(E))(X, t), then the creation and propagation of phase boundaries is automatically accounted for this model. The results show that jerky flow and dynamic stress wave effects are involved during a stepped growth of strain bands.
This approach provides a reasonable tool for the investigation of the interplay between dissipation ("viscosity mechanism"), softening and inertia.
The two above approaches to phase transformations can be included in what is known in continuum mechanics as the theory of sharp phase transitions, in which the interface separating the two co-existent phases is viewed as a stationary or, propagating surface of discontinuity for the strain.
Higher strain gradients approach
Other modality, frequently used for the description of phase transformations is the theory of continuous phase transitions. In this case the interface between different phases of the material is treated as a thin transition layer, where the strain changes considerably, but smoothly.
Thus, in order to deal with phase boundaries of non-vanishing width it is assumed that the stress in equilibrium depends not only on the strain E , but also on its higher strain gradients, i.e., where g is the ( r -1)-tuple of higher gradients of strain.
The gradient approach originates in the paper of van der Waals [15] from 1893 and has become a popular tool for the investigations of shear banding, localization of deformation [3, 4] , phase transitions [2,16-181 and other physical phenomena.
The most used constitutive relations of type (8) One-dimensional structured phase transitions under prescribed load, at equilibrium are obtained as solutions of the corresponding non-linear second-order differential equations an(&, g) = 00, where cr~ = const.. This problem was investigated for a finite interval by Falk [2] for its one-dimensional Ginzburg-Landau model for martensitic phase transitions in shape memory alloys (see also Carr et al. [18] ) and for an infinite interval by Aifantis and Serrin (16, 171 for fluid microstructures.
A main problem raised by the gradient approach is the compatibility of the constitutive structure with the second law. It is known that for the simplest constitutive models the dependence of the equilibrium response on the higher deformation gradients is incompatible with the thermodynamics based on the Clausius-Duhem inequality and the balance laws in their conventional form. For instance, it is easy to note that the second law in the form (6) rules out the dependence of the constitutive function (9) on the strain gradients.
There are two ways to overcome such too restrictive consequences of classical thermodynamics. The first one is based on the modification of the entropy inequality (more precisely of the entropy flux) (see Miiller [19] ) while the second one is based on the modification of the balance of energy (see Dunn and Serrin [20] ) in an appropriate way (see also [21] ).
130th approaches lead in a purely mechanical context to the following local form of the dissipation inequality:
where p is a constitutive quantity as the free energy function $ and the stress u. It may be called a (mechanical) flux of entropy (Miiller [19] ) or, an interstitial work flux (Dunn and Serrin [20] ), due to the long range spatial interactions between the material elements, or particles of the body. Now, the constitutive equation (8) is said to possess a free energy function compatible with the second law of thermodynamics in the form (10) if there exist a smooth function $ = $(E, EX, EX^, 6 ) and an energy (or, entropy flux) p = p (~, EX, EXX, d) such that inequality (10) be satisfied for any motion x = x ( X , t) of the body.
By using a standard procedure one gets that a free energy function for equation (9) In this casevthere is no dissipation and the inequality (10) is satisfied with the sign equal. For n z (~) = 0 the free energy function (12) is just the free energy proposed by van der Waals (151 and used by Falk [2] . On the other hand, condition (11) implies that the equilibrium solutions corresponding to the model (9) satisfy Maxwell's rule (like the classical theories) (see Aifantis and Serrin (16, 171) . If a(&) = a = const. we get from (11) that b (~) = 0. This case has been considered by Falk (21 for the one-dimensional static Ginzburg-Landau theory for the martensitic phase transitions in shape memory alloys and by Sprekels and Zheng [22] for the study of smooth so1ut;ons of the system of partial differential equations governing the dynamics of martensitic phase transitions.
Although the modification of the dissipation inequality partially clarify the thermodynamical aspects concerning non-simple materials, the delicate question: which is the appropriate thermodynamical structure for this class of materials is still open (see also [21] ). Indeed, ~ilhavg [23] pointed out that materials with internal variables can have non-simple equilibrium response within the framework of the conventional thermodynamics based on the unmodified Clausius-Duhem inequality and balance laws. Such an example is given in the next section.
A rate-type gradient approach
Starting from the good results obtained in modelling transformation pseudo-elasticity as well as ~l a s t i c flow localization by means of Maxwell's rate-type constitutive equation (7) (see (1, and baking into account that certain phenomena can be described within the framework of continuum mechanics only if the stress in equilibrium depends on the higher gradients of deformation we have proposed a new model 151 which combines the rate-type viscoelastic approach (7) and the gradient approach (9).
Since the strain gradients may be thought as a manifestation of the various microprocesses that may occur at the microscale, our aim was to allow for the possibility of obtaining spatial patterns of the microstructures.
We supposed that our one-dimensional bar obeys the non-local rate-type constitutive equation:
where E = const. > 0 and G : (-1, co) x R x RT-' + R is a relaxation function which depends on the first r strain gradients. Let us denote the kernel of the constitutive function G(E, a, g) by
The set E is called the elastic set, or the equilibrium set of the constitutive equation. Therefore, a state S = ( x ( X ) , u ( X ) ) is said to be an elastic state (or, an equilibrium state) of the body B if G(a(.Y), u(X), g(X)) = 0, for any X E R.
We denote by a a &p = E --
the inelastic strain and the elastic strain at the state S = (x,u), respectively. Relation (14) implies that the inelastic strain of the body B at an equilibrium state is permanent.
We add now to relation (14) two essential constitutive assumptions. First, we suppose that
where ar: : (EJ, EII) -$ R, OR(()) = 0 , a n E C'(EI, EIJ) is called the homogeneous equilibrium curve. That is, the homogeneous equilibrium set reduces to a unique curve in the a -a space.
Second, we suppose that
This assumption represents the necessary and sufficient condition for the homogeneous equilibrium curve a = C T~( E ) to be stable with respect to homogeneous relaxation processes. It is obvious that our constitutive model coincides on the set of homogeneous state (i.e., when g -0 ) to the viscoelastic rate-type Maxwell's model (7). A main advantage of the present approach relies on the fact that its constitutive structure, although depending on higher strain gradients, is compatible with the classical form of the dissipation inequality 6).
A srnooth process of the body B will be a pair (x(., t ) , a i .,t)), t E [O,To) of smooth time dependenc fields over R which satisfies the constitutive equation (14) .
We say that the constitutive equation (14) generates a free energy function of strain, stress and higher strain gradients, compatible with the second law of thermodynamics if there exists a smooth function $ = $(a, E,, g), $ : ( E~, EIJ) x R x I?-' -+ R, such that the dissipation inequality (6) be satisfied for any process (x(., t ) , a ( . , t)), t E [0, To).
In [5] we have shown that the above requirement is equivalent to the following conditions: i) the free energy is independent of g, i.e., $J = @(E, u) ii) the following relations hold for every (a, a, g) E (EJ, EII) x R x E -' .
Moreover, we showed that the constitutive relation (14) , satisfying assumptions (17+18), has a unique free energy function (modulo a constant) if and only if un(al) -a n (~z )
( a -a n ( a ) ) G ( & , a , g ) 
O? for any (a, a , g ) E ( & I , E I I ) x R x R'-'.
P I 1 More than that, the free energy function of our non-local model (14) is just the free energy function of the local Maxwell's type viscoelastic model (7) (see [lo-121 and the references therein).
Thus, the second law of thermodynamics imposes explicit necessary and sufficient restrictions on the constitutive functions G ( E , a, g ) , an(&) and E of our model (14) . The main problem is now to investigate how the constitutive restriction (21) limits the dependence of function G on the higher strain gradients and to give a non-trivial example.
We must note here that our non-local rate-type constitutive equation (14) may be viewed as a constitutive model for a non-simple body with one internal state variable. Indeed, according to relations (16) we may write (14) under the equivalent form where Sand C ? are two constitutive functions for a body of grade r with one internal state variable.
Examples of one-dimensional plasticity theories with internal state variables in which the inelastic strain EP may be also interpreted as an internal state variable can be found in the papers by Kratochvil & Dillon (see for instance [24] ).
Thus, our non-local rate-type constitutive equation (14) may be considered as a specific case of the theory of bodies of grade r with internal variables studied by silhavf in [23] . The main difference between our approach and that of ~i l h a v 9 relies in fact on the manner to define the equilibrium set (15) of the constitutive model. Since Silhav? deals exclusively with equilibrium situation it was not necessary to characterize the behaviour of the processes of the body outside the equilibrium set. Therefore, he does not obtain explicit restrictions of the type (20-21) on the constitutive functions which describe the evolution of the internal state variables. Unlike this approach we are more interested in describing the dynamics of phase transitions. That is why we have Introduced assumption (18) concerning the stability of homogeneous relaxation processes with respect to the equilibrium curve. Thus, this condition as well as its thermodynamical consequence (21) must be understood as a characterization of the way the processes of the body may deviate from equilibrium states without contradicting the second law.
In order to define the equilibrium set of the constitutive structure ~i l h a v i used throughout his papers the following assumption which seems to be inadequate in this context. He supposed that, for each ( 5 , g ) E ( E I , C I I ) x Rr-' there is exactly one value a = an (&, g ) such that
In other words, the equilibrium set (15) is supposed to be a hypersurface a = on(a,g) in the space ( c , a , g ) . It is easy to see now that such a definition of the equilibrium set coupled with the thermodynamical restriction (21) will lead to an incompatibility with the second law, or will remove the dependence of the equilibrium response function a = a n ( € , g ) on the set of higher strain gradients g.
In conclusion, the equilibrium set E of the non-local model can not be a hypersurface in the  (a, a , g ) space, but a, closure of an open set. We remind the reader that a local constitutive equation of the form (14) is called viscoplastic if the set where G ( c , a ) = 0 is a suitable region in the a -a space and it is called viscoelastic if that set is a single curve [25] . Therefore, a non-local rate-type constitutive equations (14) compatible with the conventional thermodynamics based on the unmodified Clausius-Duhem inequality describe always a viscoplastic behaviour.
We give now a simple and useful example of a non-local rate-type viscoplastic constitutive equation (14) , compatible with the second law of thermodynamics.
We suppose that the relaxation function G is given by
where Ic = const.>O is a viscosity coefficient. Function a = a n ( & ) , which characterizes the homogeneous equilibrium states is a non-monotone one (Fig. l a ) and it is supposed to satisfy the cherrnodynxnic restriction (20). Function K = n(g), K : Rr-' --t R, which is responsible for the inhomogeneities induced by the microstructures of the material is a positive one, i.e., K = ~( g ) > 0, for any g E lZrpl, g # 0, and ~( 0 ) = 0.
It is easy to verify now that when n(g) --0 our gradient-dependent viscoplastic model (14+24) reduces to the local Maxwell's rate-type viscoelastic constitutive equation (7). In the numerical experiments from the next section we take a = an(&) a piecewise, linear non-monotone stress-strain relation, i.e., and the extra-stress function K = n(g) is taken as where a = const. > 0 is a scale factor. The constants El, E2, E3, up, a, , EO, E,  are subjected to the following restrictions, which are in agreement with (20) 
The equilibrium, or the elastic set is in this case the domain bounded by the hypersurfaces a = an(&) f a s x x in the (E, a, g) space (see Fig. lb) The influence of the rate-dependent effects ("viscous mechanism"), the influence of the slope of the homogeneous equilibrium curve a = an(&) ("softening mechanism"), and of the internal length scale ("strain gradients effects") on the way the instabilities may develop in the dynamic process of phase transformations are investigated in [5] . In order to do that we study the stabilitylinstability of an homogeneous equilibrium state with respect to a small perturbation. This analysis is similar in certain respect to the familiar linear stability analysis. All the above three mechanisms compete in the case of our viscoplastic model (14+24) at the localization and propagation of deformation.
NUMERICAL RESULTS
We consider in the following the system of partial differential equations (4+14), where G, gn (&) .%nd ~( g ) are given by (24), (25) and (26), respectively. It is known that the above system is hypci.bolic when the relaxat,ion modulus G is independent on the higher deformation gradients, for instance when G = 0, and it is of parabolic type at the points (X, t) E [O, L] x [0, To) where G depends on g. In this case we have to supplement the boundary data by appropriate conditions for the strain gradients.
In the numerical experiments presented here we consider a bar in its natural state subjected to a constant strain rate test. Thus we have to solve the following initial-boundary value problem:
In order to solve numerically the above dynamic problem we developed a finite difference scheme which reduces for n = 0, i.e., when the the model (14) becomes (7) and the system (4+14) is of hyperbolic type, to the numerical method of characteristics as described in 1261. The numerical scheme verifies a numerical stability condition on the time integration step which ensures that the total (numerical) energy of an isolated body problem (i.e., (28) with u* = 0 ) is non-increasing in t,ime. This condition is a consequence of the second law, more precisely on the fact that the numerical solution satisfies the dissipation inequality (21) . As a result we get that the first approximation of the numerical method is stable when the time integration step verifies
which is in fact the same restriction on the time integration step ."
as chat obtained in [26] . A systematic numerical study will be presented elsewhere.
In the numerical experiments performed in this paper we have used the following entries:
. These values are appropriate for a shape memory alloy (sce for example Otsuka et al. [27] The evolution in time of the stress, strain and particle velocity fields over the entire specimen is then calculated as solution of the initial-boundary value problem (28) for the system (4+14), without disregarding the inertial term in the field equations. The point A corresponds to the moment where the initially austenitic sample starts changing phase, i.c., whcre the spatial homogeneity of strain and stress fields is lost. The point E corresponds to the moment where this homogeneity is recovered and the specimen is entirely in the martensitic phase. The strain profiles in Figs. 3 a) -c) are similar to the regular patterns of martensitic and austenitic stripes (fine structures) appearing during stress-induced phase transformations of shape memory single crystals (see for instance Otsuka et a1. [27] ).
Indeed it is known that hysteresis is accompanied by a domain structure of coexisting martensitic and austenitic domains. In Figs. 3 a) -c) one can see how martensitic domains grow at the expense of the austenitic domains and how the transformation proceeds by domain boundary movemenl. Due to the presence of higher strain gradients in the constitutive equation there are no sharp interfaces between the different phases of the material. The solution preserves many characteristics of the strain controlled processes in rate-type visc~elast~ic bars of type (7) (see [1, 13, 14] for comparison). For example, in the local model as well as in non-local one, one can observe a drop in load at the yield point and a sawtooth curve, in which the stress alternately rises and fails with abrupt changes of slope at the points of sawteeth. A difference appears on the last part of the stress-strain curve, where the amplitude of the serrations decreases while the stress increases exceeding significantly the value of a, before the transformation --be complete. In Figs. 4 a)-b) we have ploted the distribution of stress and particle velocity along the specimen at a moment where dynamic effects and instabilities phenomena are involved. They ,lluscrate that even if the imposed engineering strain rate is small it is unreasonable to neglect the inertial term in the balance equation (4).
